We study the controllable single-photon scattering via a one-dimensional waveguide which is coupled to a two-level emitter and a single-mode cavity simultaneously. The emitter and the cavity are also coupled to each other and form a three-level system with cyclic transitions. As a result, the phase of emitter-cavity coupling strength serves as a sensitive control parameter. When the emitter and cavity locate at the same point of the waveguide, we demonstrate the Rabi splitting and quasidark-state-induced perfect transmission for the incident photons. More interestingly, when they locate at different points of the waveguide, a controllable nonreciprocal transmission can be realized. Furthermore, we demonstrate that our theoretical model is experimentally feasible with currently available technologies.
I. INTRODUCTION
Optical nonreciprocal devices allow the propagation of photons from one side to be superior than that from the opposite side. Due to its potential applications in quantum sensing and information process, the nonreciprocal signal transmission has been studied widely in various of physical systems, such as the opto-mechanical systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , parity-time-symmetry optical systems [11] [12] [13] [14] [15] [16] , cavity QED systems [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and atomic systems [29] [30] [31] [32] [33] [34] . On the other hand, the controllable photon transmission in quantum network composed by the waveguide and quantum node plays a central role in the design of quantum transistors [35] [36] [37] [38] [39] [40] , quantum routers [41, 42] , and frequency converters [43] [44] [45] [46] . Therefore, it is a natural issue to study the photon nonreciprocal transmission and controllability of non-reciprocality in quantum network.
One of the physical principles behind the nonreciprocal transmission is the breaking of time-reversal symmetry. But it is actually not common in the traditional waveguide QED system, in which the waveguide is coupled to other systems (e.g., atoms, quantum dots ). Because the linear size of the atom is considered to be much smaller than the wavelength of the light, and the Hamiltonian usually possesses time-reversal symmetry [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . However, in the recent experimental studies, the coupling [47, 48] between superconducting artificial atoms (e.g. transmon [49] ) and the surface acoustic waves [50, 51] has been realized successfully. In this system, the transmon serves as a "giant atom", which is connected to the waveguide at multiple points [52] [53] [54] . In this situation, the time-reversal symmetry is naturally broken, making it possible to realize the nonreciprocal * Electronic address: liyong@csrc.ac.cn transmission.
Motivated by the above achievements, we here consider an emitter-cavity interacting system, forming a JaynesCummings model [55] , which is coupled to a waveguide with linear dispersion relation. We investigate the singlephoton scattering in such a system, where the emitter and the cavity locate at one or two different points of the waveguide, depending on the available physical realization. In our system, the phase of the emittercavity coupling strength, which cannot be eliminated by any gauge transformation, plays as a sensitive controller for the scattering behavior. When the emitter and the cavity locate at the same point of the waveguide, we show the Rabi splitting and the quasidark-stateinduced [56, 57] perfect transmission in the scattering spectrum. When they locate at different points of the waveguide, we demonstrate the phase-controlled nonreciprocal transmission, and the underlying physical mechanism is further revealed in the momentum space.
The rest of the paper is organized as follows. In Sec. II, we show the Hamiltonian and formulate the single-photon scattering process. In Sec. III, we discuss the phase control to the scattering process with the emitter and the cavity locating at the same point of the waveguide. In Sec. IV, we discuss the controllable nonreciprocal transmission when they locate at two different points of the waveguide. In Sec. V, we propose an experimental scheme based on the superconducting quantum circuits to realize the controllable single photon nonreciprocal transmission. Finally, we give a conclusion in Sec. VI.
FIG. 1:
Schematic diagram for a two-level emitter which is coupled to a single-mode cavity. The cavity and emitter are coupled to a waveguide simultaneously, at the points x = 0 and x = x0, respectively.
Hamiltonian H of the system is composed of three parts, i.e., H = H s + H w + V . The first part is
which is the Hamiltonian of the emitter coupled to the cavity. Hereafter, we set = 1. a is the annihilation operator of the single-mode cavity field with a frequency ω a . Ω is the transition frequency from the ground state |g to the excited state |e of the two-level emitter, and σ + = (σ − ) † = |e g| is the raising operator. The real numbers λ and φ are the magnitude and the phase of the coupling constant between the two-level emitter and the cavity field. For the sake of simplicity, we will assume the cavity field resonantly interacts with the two-level emitter, i.e., ω a = Ω = ω.
The second part H w of the Hamiltonian H is the free Hamiltonian of the waveguide. When the frequency of the emitter or/and the cavity is far away from the cut-off frequency of the dispersion relation, the Hamiltonian H w of the waveguide can be written as [37] 
where v g is the group velocity of the travelling photons in the waveguide. Here, we have set the length of the waveguide to be unity, so the group velocity v g has the same unit with the frequency. c †
) is the bosonic creation operator for a right-going (left-going) photon at the position x.
The third part V of the Hamiltonian describes the interaction between the waveguide and the two-level emitter as well as the cavity field. Under the rotating wave approximation, the Hamiltonian V can be written as
where f (g) is the coupling strength between the cavity (emitter) and the waveguide, we assume them as real numbers. The Dirac-delta function in the Hamiltonian V implies that the cavity locates at the point x = 0, and the emitter locates at the point x = x 0 . Below, we will discuss the cases of x 0 = 0 and x 0 = 0, respectively. We now consider that a single photon with wave vector k is incident from the left side of the waveguide. Since the excitation number in the system conserves, the eigenstate in the single-excitation subspace can be written as
where |G represents that both the waveguide and the cavity are in the vacuum while the emitter is in the ground state |g . φ R (x) and φ L (x) are, respectively, the single-photon wave functions of the right-going and leftgoing modes in the waveguide. u e is the excitation amplitude of the emitter and u a is the excitation amplitude of the cavity field. Solving the stationary Schödinger equation H|E k = E|E k , we obtain the equations for the amplitudes as
We are now aiming to study the scattering behavior when a single photon with wave vector k is incident from the left side of the waveguide. Therefore, the wave function φ R (x) and φ L (x) can be written in the forms of
with
The underlying physics behind the above ansatz for the left-going and right-going photons can be explained as follows. The right-going photons incident from the regime of x < 0 can be transmitted or reflected when it arrives at the cavity-waveguide connecting point at x = 0 with the reflection and transmission amplitudes, denoted by r and A respectively. The transmitted photon will freely propagate until it meets the emitter-waveguide connecting point at x = x 0 , and may be reflected or transmitted with the amplitudes B and t, respectively.
Substituting the photon amplitudes in Eqs. (6) and (7) into Eqs. (5a) to (5d), we obtain the transmission ampli-
where ∆ = E − ω is the detuning between the incident photon and the cavity field (emitter), and
III. PHASE CONTROL WITH ONE CONNECTING POINT
In the above section, we have obtained the amplitude t of the single-photon transmission. For the sake of simplicity, we here discuss the situation of x 0 = 0, that is, the two-level emitter and the cavity locate at the same point of the waveguide. We will discuss the case of x 0 = 0 in the next section.
For x 0 = 0, the transmission amplitude t in Eq. (9) can be simplified to
In Fig. 2(a) , we plot the transmission rate T = |t| 2 as a function of the detuning ∆ and the phase φ. The dependence of T on the phase φ can be explained from the energy-level diagram of the total system. As shown in Fig. 3 , the photon in the waveguide will induce the transition between the states |0; g and |1; g or between the states |0; g and |0; e of the emitter-cavity system with the coupling strength f or g, while the direct coupling between the emitter and the cavity with the coupling strength λe iφ induces the transitions between the states |1; g and |0; e . These three transitions form a cyclic type configuration. Therefore, the total phase φ cannot be eliminated by any canonical gauge, and it affects the scattering behavior naturally as shown in Fig. 2 . Actually, the similar closed cyclic energy-level diagram can also be found in many other systems, such as superconducting artificial atoms [58, 59] , chiral molecules [60] [61] [62] [63] , cavity-QED systems [64] , and cavity optomechanical systems [65, 66] , in which the phase control to quantum phenomenon has attracted much attention.
The transmission rate T as a function of the detuning ∆ for different φ is plotted in Fig. 2(b) . It shows that the complete reflection (T = 0) occurs whenever the incident photon is resonant with the two dressed states of H s in the single-excitation subspace, that is, E = ω + λ or E = ω − λ. These two dressed states are
which satisfy H s |ψ ± = (ω ± λ)|ψ ± . Actually, the incident photons pass through the waveguide in two ways.
One is to be directly transmitted without interacting with the emitter-cavity system. The other one is absorbed by the emitter-cavity system and induce the transitions between the states of |0; g and two dressed states.
The absorbed photon will be re-emitted via the interaction between the emitter-cavity system and the waveguide, and propagates to the left and right sides of the waveguide with the same probability. When the incident photon is just resonant with the |0; g ↔ |ψ + or |0; g ↔ |ψ − transition frequencies, the direct transmitted and right-going re-emitted photon will cancel each other via the destructive interference process, leading to a perfect reflection. As a result, the incident photon with frequencies E = ω ± λ (∆ = ±λ) will not be transmitted and this is the vacuum Rabi splitting phenomenon. Furthermore, we also observe that a transmission peak (T = 1) appears between the two valleys, the corresponding frequency is phase-dependent and can be obtained by virtue of Eq. (11) as
which yields
Physically speaking, the transmission peak associates with the "quasidark-state" which is similar to that in Refs. [56, 57] . In the current system, the waveguide supplies a common bath [56, 67] for the emitter and cavity, and the normalized quasidark state is expressed as |D = f |e; 0 − g|g; 1
It can be checked that
and
where |∅ represents all of the modes in the waveguide are in their vacuum states. V is given by Eq. (3) and we have considered the case with x 0 = 0. It is implied in Eq. (18) that the incident photon with frequency E = ω− (2f gλ cos φ)/(f 2 + g 2 ) will not interact with the emittercavity system at all, and therefore will be completely transmitted.
In the above discussions, we have restricted to the situation that the emitter and the cavity locate at the same point of the waveguide. Here the time-reversal symmetry is kept, and it is reciprocal for the single-photon scattering. That is, the transmission rate of the left-going photons is equal to that of the right-going photons.
IV. CONTROLLABLE NONRECIPROCAL TRANSMISSION WITH TWO DIFFERENT CONNECTING POINTS
In this section, let us consider the situation of x 0 = 0, that is, the emitter and the cavity locate at the different points of the waveguide. Similar to the case of x 0 = 0, the phase φ also plays a role as a sensitive controller to the single-photon scattering due to the cyclic energy-level diagram as discussed in Sec. III. Meanwhile, it will show a nonreciprocal scattering behavior for x 0 = 0, that is, when the single photon is incident from the right side, the transmission rate will be different from that when it is incident from the left side.
Compared to the case that the incident photons are from the left side, the opposite-propagation (that is, the incident photons are from the right side) is equivalent to exchange the locations of the cavity and emitter in the waveguide. That is, the cavity locates at the point x = x 0 of the waveguide while the emitter locates at the point x = 0 of the waveguide. On the other hand, we note that the single-photon scattering behavior only depends on the relative position between the points where the emitter and the cavity locate, and the absolute positions are actually meaningless. Therefore, the corresponding transmission amplitude when the incident photons are from the right side can be directly given by changing x 0 in Eq. (9) into −x 0 , which yields
(20) In Fig. 4 , we plot the transmission rates T L→R = |t| 2 and T R→L = |t ′ | 2 when the incident photons are from the left and right sides as a function of the frequency of incident photons for different phase φ [the expressions of t and t ′ are given in Eqs. (9) and (19) respectively]. It shows that T L→R can be either larger or smaller than T R→L , depending on the frequency of the incident photons and the phase. In other words, the phase can also be applied to adjust the single-photon nonreciprocal transmission behavior.
To quantitatively depict the non-reciprocality in our system, we define the isolation ratio I as
and illustrate it as a function of the detuning ∆ and the phase φ in Fig. 5 . It shows that for the fixed detuning ∆ = −0.15v g , the ratio I ≈ 20 dB can be achieved when the phase φ is tuned to be about zero. Correspondingly we achieve T L→R /T R→L ≈ 0.01. In other words, when the incident photons are from the right side, they will be transmitted to the left side with a relatively large probability, and will be nearly blocked when it is incident from the left side. However, for the same detuning ∆ = −0.15v g , when the phase is tuned to φ ≈ π, we obtain I ≈ −15 dB. That is, T L→R /T R→L ≈ 30, which implies that the left-going photons will be blocked. The similar phase modulation effect to the isolation ratio can also be observed clearly for the detunings of ∆ = 0 and ∆ = 0.15v g , as shown in Fig. 5 . Therefore, we have realized a controllable photon nonreciprocal transmission in our system where the phase plays as a sensitive controller.
The underlying physics behind the single-photon nonreciprocal transmission can be revealed clearly in the momentum space, where the Hamiltonian for the waveguide H w and the interaction V can be written as [37] 
Here, we have performed the Fourier transformation
for the operators c R (x), c L (x) and their Hermitian conjugates in Eqs. (2) and (3). c kR is the annihilation operator for the right-going photon with wave vector k R (> 0), and c kL is the annihilation operator for the left-going photon with wave vector k L (< 0). Based on the Hamiltonian H w and V in the momentum space, it is clear that when i is replaced by −i, the Hamiltonian will be changed, and this change cannot be deleted by any canonical transformation for x 0 = 0, which corresponds to the case in which the emitter and the cavity locate at different points of the waveguide. In other words, the breaking of time-reversal symmetry leads to the single-photon nonreciprocal transmission.
V. EXPERIMENTAL FEASIBILITY
To demonstrate our theoretical results about the nonreciprocal single-photon transmission mechanism, we now propose an experimentally accessible device by using superconducting quantum circuits, which is schematically shown in Fig. 6 . As shown inside the dashed rectangle frame in Fig. 6 , an LC circuit and a transmon qubit are coupled to each other via the capacity C J , and serve as the emitter-cavity-coupled system in our theoretical proposal. The Lagrangian for the coupled system inside the dashed rectangle frame is expressed as
(25) Here, ψ L and ψ T are respectively the phases of the LC circuit and the transmon. C and L are the capacitance and inductance of the LC circuit, C T is the capacitance of the transmon and E J is its Jospheson energy. φ 0 = /(2e) is the reduced flux quantum. We introduce the conjugate node charge Q i = ∂L/∂ψ i (i = L, T ) and follow the standard quantization procedure, the Hamiltonian can be obtained as
where
and it obeys the bosonic commutation relations
0 /L, and introduce the dimensionless charge and phase variables by
The phase and charge operators can be furthermore expressed in the annihilation and creation operators, i.e., ϕ m = (
The Hamiltonian can then be approximately written as (in the situation of
where we have applied the rotating wave approximation and define the parameters as
Schematic diagram for the possible system to implement single photon non-reciprocal transmission based on the circuit QED system: an LC circuit is coupled to a transmon qubit via the capacity CJ and they are simultaneously coupled to a superconducting transmission line, which supports many bosonic modes with linear dispersion relation.
√ 8E T C E J / , ǫ = 8E T C /E J , and
In our previous studies, we have assumed the resonant situation in which ω L = ω T − E T C / . In this case, the self-nonlinear interaction, which is denoted by the last term in the first line of Hamiltonian (32) , induces a large detuning between the |2 T ↔ |1 T (here, |m T represents the Fock state with m photons for the transmon) transitions and LC circuit. Therefore, we can safely restrict ourselves in the vacuum and single photon subspace and therefore the transmon serves as a two-level emitter. Then, the Hamiltonian becomes
At last, we introduce a superconducting transmission line, which supports multiple bosonic modes with linear dispersion relation. The transmission line is connected to the LC circuit and the transmon qubit simultaneously, via the capacities C 1 and C 2 at the point x = 0 and x = x 0 . As discussed before, we can choose either x 0 = 0 or x 0 = 0 in the experiments. The dynamical process of the system can be used to study the single-photon nonreciprocal transmission. In the realistic experimental setup, the charge energy and the Josephson energy of the transmon qubit can be achieved by E T C /(2π ) = 200 − 500 MHz and E J /(2π ) = 6 − 10 GHz. The resonant frequencies of both of the transmon and the LC circuit are in the order of GHz [68, 69] , and their coupling strength can be tuned from tens of MHz to hundreds of MHz. In addition, the recent experimental progress has make it possible to coupling them to the superconducting transmission line with coupling strength of tens of MHz [70, 71] .
VI. CONCLUSION
In conclusion, we have investigated the single-photon scattering in a waveguide which is coupled to the emittercavity system. The cyclic energy-level diagram in our system makes it possible to adjust the scattering behavior by only tuning the phase of the coupling strength between the emitter and the cavity. Specially, motivated by the experimental realization of coherent coupling between the transmon artificial superconducting qubit and transmission line, we propose a nonreciprocal scattering scheme by coupling the emitter-cavity system to a waveguide, with the emitter and the cavity locating at different points of the waveguide. In such a system, the timereversal symmetry is broken.
Moreover, the waveguide QED system has become more popular in the field of light-matter interaction [72, 73] . We hope that our study on phase controlled photon transmission can provide a new way to realize photonic coherent control in waveguide systems. We believe our study will be applicable in quantum acoustics, where the size of the emitter can be comparable to the wavelength of the phonons. In this case, the time-reversal symmetry becomes easy to be broken.
